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Let S be a regular local ring and f € S a non-zero non-unit.

- The hypersurface ring defined by f: R=S/(f)
- The double branched cover of R: RE = S[2]/(f + 2%)

Motivating Question:
How does the representation theory of R compare to the
representation theory of R#?

We will also assume that S is complete over an algebraically closed
field of characteristic # 2.



MCM modules

- Afinitely generated module M over a local ring A is called
maximal Cohen-Macaulay (MCM) if

depth,(M) = dimA.

For this talk: S _
An R-module M is MCM <= M has projective dimension 1 over S.

(resp. an R*-module) (resp. over S[z])

- Alocal ring A is said to have finite Cohen-Macaulay
representation type if there are, up to isomorphism, only finitely
many indecomposable MCM A-modules.

Theorem (Knorrer)

R has finite CM type <= R has finite CM type.



A matrix factorization of f is a pair of n x n matrices (¢, v) with
entries in S such that

o =f-ln =

Example
Let f =3 +y*

X )2 2y B X34y 0
v X2 -y x| 0 X3 yh



MFs and MCM modules

Given a matrix factorization (¢, ) of f, both cok ¢ and cok ¢ are MCM
R-modules.

0—5"% 5" 5 cokyp — 0

The converse also holds and we have:

Theorem (Eisenbud)
The correspondence
(¢,¥) «— cokgp
defines a bijection between reduced matrix factorizations of f and
MCM R-modules with no free summands.



Knorrer's Theorem

The skew group algebra R¥[o]:

L R=5/()
- Rt = SE1/(f+2)
- o € Aut(R*) which fixes S, 0(2) = —z

R¥[s] has elements of the form a+ b - o for a, b € R* with
multiplication:
(a-o')-(b-0)=ad'(b)- o™

Theorem (Knorrer 1987)

1. There is an equivalence of categories

MF(f) = MCM(R*[0]) = {Rﬁ[o]—modules which are MCM over Rﬁ}

2. R has finite CM type if and only if R* has finite CM type



Simple Singularities

R =S/(f) is called a simple hypersurface singularity if there exists
finitely many proper ideals | C S such that f € I.

Theorem (Knorrer, Buchweitz-Greuel-Schreyer 1987)
Let S = K[x,y,2,...,2z] where k = k and char k = 0. Then the

following are equivalent.

1. Ris a simple hypersurface singularity

2. R has finite Cohen-Macaulay type
R = K[x,y,2,...,2z]/(g) where g is one of the following

w

(An) ¥ +y'+Z+--+22 n>1,
(Dn) Xy+Y""+B+--+2 n>4
(E) *+V'+Z+--+2Z
(E) $+x+2+-+2
(Es) *+V+38+---+2



Matrix factorizations with more
factors




Matrix factorizations with d > 2 factors

Definition o . '
A matrix factorization of f with d factors is:

An ordered tuple of n x n matrices (¢1, ¢2, .. .,@q) With entriesin S
such that

p1p2- g =f-1In
(Notice that @it -+ @apr -~ pia = f- I for all i)
MFY(f) = category of d-fold factorizations of f
Examples
- (x,Y,2) € MP(xyz)
- letf=x+y*and W =1.

2 0 X y 0 wx y 0  wi
x y O, lwx v of,lw*x v 0 e MF(f)
0 x y 0 wx V? 0 wx vy



d-fold Branched Cover

Theorem (T.) ‘
Let d > 2 and assume char kR does not divide d.

" R=S5/(f)
- Rt = S[z]/(f + z%) — the d-fold branched cover of R
o RS R fixesSand o(z) =wz (w9 =1)

There is an equivalence of categories
MFA(f) ~ MCM(R[o]) = {Rﬁ[a]—modules which are MCM over R”}

Idea behind the equivalence
N € MCM(R*[s]) == N is an R¥-module and a free S-module. Let

@ : N — N be multiplication by z. Then
@? = —f-1y

This gives us a d-MF of the form = (¢, ¢, . .., ) € MF(f) 8



MCM(R*) and MFY(f)

- Notice that this construction applies to N € MCM(R¥). Get a
functor
MCM(RE) —— 2 MFY(f)

N +— Nb %(907927()0)
- We also have a functor

MCM(RY) «—— MFY()

Xt P X

* These do not form an equivalence.



MCM(R*) and MFY(f)

Proposition
Let N be an MCM Rf-module and X € MFY(f). Then

d—1

d—1
N = Pe')'N  and  X* = PT(X)
=0

i=0

where

- (¢')*N is the module obtained by restriction scalars along
o Rt 5 RE

: T/.(SOW,SDZV-.,(Pd) - (@f?@i«Ha"'7<pd7%077"'7§0/'71)



Finite type

Say that f has finite d-MF type if there are, up to isomorphism, only
finitely many indecomposable matrix factorizations f with d factors.

Theorem (Leuschke, T.) .
f has finite d-MF type if and only if the d-fold branched cover

R* = S[z]/(f + z%) has finite CM type.

Corollary B
Let S = K[y, z,...,z] where k =k, char k=0, and d > 2. Then f has

finite d-MF type if and only if fand d are one of the following:

v+ 4+ 22 foranyd > 2,

(A1)
(A) VP +Z3+ -+ 22 ford =3,4,5
(As) V*+25+---+2z2ford =3

(As)

Y+ +--+22ford=3

1



Thank you!
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