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Let S be a regular local ring.
Fix ftS (non-zero/non-unit)

(S =((X, X2, ..., X.J
Theme:Compare maximal Cohen-

Macaulay modules over

R =

S/(f) and RA=ED,
d >2.

Cassume S is complete chark (d)



Def. A finitely generated module M over

a local ring
Ais maximal Cohen-Macaulay

(u(u) if

depth M =dim A

(For Gorenstein A, MCM =Gpoj)
For this talk: S- R

Misucu pdsM = 1
over R

LetMCM (A) =category ofMCM A
modules.

Why these modules?

(1) (Buchweitz) For a Gorenstein

ring A,



uu(t) =(A)
Perf (A)

-e Homological perspective

(2) (Anslander) For an S-algebra A

M(m(A) has
=>

A is an isolated

AR sequences singularity.

~ Representation theoretic
perspective

i



A local ring A has finite CM type
ifMCM(A) has only finitelymany
indecomposable objects up toiso.

Q:When does a local ring have finite

CM type?
Hard question.

Theorem. (Knorrer 87) d =2

-R has finite
>

RH =SKED(f +z2)
CM type has finite CM

type.

MainTool:Matrixfactorizations.



Def. A matrix factorization oft is
a pair of non matrices (4, 4) with

entries in S s.t.

&4 =f.In =44.

MF(f) =category ofMFs of7.
Ex1f =x+y4

↑ I

XI
y
2 ?).(y)
=(x+yyx3y" I
is a 2x2 MFof x+yY.



Open Question.Given a polynomial f,
Whatis the smallestpossible size
for a MFof f?

Very few cases are known!

Connection with MCM modules.

Two observations

(1) Given (4,4) [MF(f), both

of and itare injective.

· - jfj-644-0
(2) f(SY) =04(5) =Im4



=>CoRD is an R-module with

pdsCok4 =1

=> CKD -> MCM(R) (same for (44)

Conversely:LetM ->MCM(R)

I
· - j"- g"- M - 0

↓ (,v2df ↓f =0
0 - s"- g"- M - 0

I

=>(4,4) -> MF(f) with
C044 =M.



Theorem (Eisenbud 80'

MF(f)- MCM(R)

(4,4) inCOKD

induces an equivalence ofcategories
-

MF(f - Me(R)
So/l Knorrer's ihm can be viewed as:

R has finite I) B*hafriteam type
a

↓
Eis I Eis

f has finite >f+ EC has finite
"MFtype

-

MFtype
"



Ex R =kRx,yy,xxy)
is not

offinite CM type.

[BGS 87'] For each K=1

IC*), J.(
is an indecomposable MF ofxy.
Knorrer's Theorem:

· R =S/(f) · 8: *- RH
SteS

· B* ==D z +- Z

(f+z2) 22 =1R#



Form the skew group algebra R#[r]
· formal sums atba (a,b- R

#

· multiplication:a ,
beR

(a.0i).(b.5)) =av(b).5i+i.

Thu (Knorrer 87')

MF(f) =M(n(k+(n])

where

M(n)R#[t]) =MCMR#rmodRACr]

( R#< R#[r])



Rfinite R
#finite

<------
cu type am type

I ↑ ReitenEis
&eidtmann

MF(f) finite inR*[5 finite
type type

Now consider d> 2.

Def. A matrix factorization off with
d =2 factors is a tuple of
nxn matrices with entries in S

S-t

4, G... 4 =f. In

Note:4:4it.---DR.---fi-i=f.In Fi



MFd (f) =categoryof d-fold
see

Examples.

(0) d =3. For any
f

(f, 1,17, (1, f. 1), (1,1, f)
are (x) 3-told MFs off

( f =xyz,(X,y,z)tMF3(xyz)

(2) f =x+y+cc(x,y] and we

is a primitive bid rotof1.

(0200) foxways a
is a 3x3 3-fold MFofx +y4



Rik The category MF4(f) is Frobenius
-

exactfor
any

d =2

↳ the indecomposable projective/
injective objects are the
MFs from example (0)

↳ AF(f) is triangulated
↳ MX =M"Xfor all Xt MF4f)

4 M2X = Xup toprojective
summands.

↳
Every objectin MF4(f)
has a 2-periodic projective
resolution.



Thm)-) d =2, WES a primitive
th
d root of1

· R =S/cf) · r. R*-R#
S1S

· RH= z +WE

od =1R#

Form R*[r] similar tobefore.
Then

MFd(f) =Mcm(R*[r])
where

McM(R*[r3) =R*Er]
-modulesS

UCM over RH 3



Idea ofthe proof:
Letv ncm(R*(r]). Then N is
MCM over# => f.g. free over 5.

LetG.NN be multiplication by z
Pick an S-basis for N and write

9 as an ex matrixwithentries in S.

Then yd =multby z =
- f.In

Geta MFoff

= (9,2,
...,
4) with a factors.

m

d- times



Notice thatthis applies toany eco
R# - module.

mcn(R#)

↓)
M(m(R#[r]) -MFd(f)

# and I do notform an equivalence
but:

(Lenschke, -) LetNEMaM(R#)
and XCMFd(f).

NOH=EFsWiN and



xHb = 0T i(X)
where

· (vi) *N is the module obtained

by restricting scalars along
vi. R#-R

· Ti (4,42, ..., (d) =(4,(i+,... , pi -1)

Theorem (Lenschke, -)
Ihasfinite

=>
RH = lieshas

d -MF type finite CM type.



Connecting back toMCM (R)
For X=(4, 42, . . . , (d) t MF ((f)

Xi chain ofsubjective maps
between MCM R-modules.

Lok 4,4-4-,es--- -> Cok4iYa te CORY,

The (Hopkins d =3,-)

epimorphismMF41 = category of
MCMR



epimorphism category---- -> M(M(RA)
McM(R)

I I
MFd(f) = Mcm(R*(r))


