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1. 1 vectors & Linear Combinations

Vectors
- momentum

^

Vector (a. b)

- acceleration [%
- point on a plane [a , b) ai +65

f- 7

- < a
,
6

,

c >
- ai e- bj + cÉ
→ tail at origin < ' '

-• functions : coscx) , since ),ecxJ, . . . . a

- i=[
'

¥;] ← nxi '

Operations on vec #ars
- Scalar multiplication at 4i+2ñ

>

• c. it
,
CER ,i=[ ¥;] → c- i. I !¥:] ?:/

- Vec
.
Addition

4 24J
• [7) + [ ?

,
] -413]

- Linear combination ¥
^ c. J + f -Wi % a

for C
,
d c- IR I

{
Is a linear comb

,

of Ñ & Ñ
° I 2 3 4 5 6 > 8 9 10

with coefficients c & d find c. d EIR 5.t.ci+ tw = 6-

In practice
- study civ , tczvzt - -

-tcnvn
for C

, , Cz ,
- - -

,
C
n
EIR :*

.io#::::..i;::::qE:g:-g::--.:.-:.A = [¥ ¥ - - - ¥] }m - rows •ÉÉ¥%¥:*.ie#=-----*---T.EnsEx.m--3n--2i.--i:I.ri-i:i¥*I¥?¥¥,A-- [{ § ]



Ej ✓ =L } ]
,

w = [
'

, ] IR ? set of all 2×1 vec
.

! Find gd c- IR s.t.ci + dÑ=T specific b-
② Describe set of all cv-i-dw-c.IE IR

b=[ } ] i ⇒ Zctd = 7 i 2c+d=7
systems

[ [ ? ]+d[ I ] =L} ]
'

i. Ctd = 5 !
◦ f EY '

[Y ] + [ J ] = [§ ] ! -£(2c+ 7=7 ) i d =3

[ Zctd
+ c +4=5 !c

ctd ] =L }] !
oc + {D= } i

or

Matrix [? :] [¥
,
] -_ I } ]

Equation war . TE = 'T

② i=[ } ] . =/
'

;] vectors in IR
}

4 ? ] + dl ! ] :-[¥ ] + [ § ]=[}h ] ← EM
"near -ambo

.

of ir
,
I is in this

form for some gdElR



1. 2 - Dot product
,
etc

F- let v=[I]
,
w =L? ]

Ñ • I = (1) c- 3) + (2) (2) = I

Generally
-

u
,

if ✓ =/ :?)
- rn

.

'
" =/ ¥ ) c- Rn

rn
nx I nxl

. I = V
,
W

,
+ V2 Wz +

• ^ - + Un Wn

Eel E- I ;]
,

E- [ 5 ] Ñ - E- llñll

F.
- i+i=w

:
◦ I

,
É

Trig
Any unit vector in R2 is of the form ñ=[ s :{ ]

✓ = [ Cosa
Sina ]

,

W = [ costssrnB ]
÷

p - a

◦
J

B

✗

¥



3 important theorems

I t.ws =D ⇔ ltvtw / 12--115112+11%2 Pythagorean Thm
2 II. in / ≤ 11TH . / IÑII Cauchy

- Schwarz Ineq .

3 ltvtwll ≤ 11TH +11%11 Triangle Ineq .

Proof of 1
I / Vtw / 12 = ( vtw ) • ( vtw )

=
V.V 1- Vow + w . Vt W . W

= V. ✓ + 2(✓ • W ) + Wow

= 11412+2Crow ) +11Wh
'

☐ III. E) has to =D
^

Hit / = a' +15
,

/ twill = c- + d
'

btd-- - - - - - - -
- -

. . . . . . . .
. . . . . .>

ÑTÑ
i
'

. I / Ñtw / / = ate 't bid
'

i

i
' Ñ • Ñ = act bd =D iff it in

f-- - - - - - - . . . . . . . . . . . . . . . . . . . . >

Ñ !

v0
11J / / • Itwl / = a' + b

'

• c- + d
'd- - - - - -

? i. !
= a2i+ad2+b2E+b2d2

"

! 1J . 1 ≤ 11J 11.11%11
ca"↳ - " hw"

'

I inequalityI "
a+c

>
c a

/ act bd / ≤ oii+ad2+b2i+b2d2
with equality iff It c- IR s . -1 .

Ñ=tÑ

or one of the vectors is [ ? ]

HÑ+wH ≤ 11T 11+11%11 Triangle
inequality

ate 't b+d2 ≤ a' + b
'

t E+d2



1. 3- Matrices and Column Space

Matrix

2 34
A-_ [ { & ] ,

B =L
'

, i o , ]
3×2 2×4

✓ = [ ! ] C- IR
"
w [ 1 1 11 ] * vectors are a special type of matrix

4×1
I ✗ 4

Column Vector Raw vector

Matrix times vector

let A- = [ alias .
- ian ] I 1- • I is defined :

I 1
I 1 I 1

Mxn 1/91^12 _ " g) / ¥.hn/--x.ai+xzai+---+xnanand ✗ =/ ¥:/ c- Rn ; in
h × I

F-×

1%1%1=1%1-1141--1" " " """(3) (1) +(4) 1-D) = [¥ ]Is (5) (1) 1- (b) ( - 1)
A ✗ 3×1

3×2 2×1

Def
let

.

The column space
of A is the set

of all linear combinations of the columns of A

CIA ) or Colla ) ≤ IRM

For any vector I c- Rn
,
AI is a linear combo

.

of the columns of A .

Collett -_ {Aiken}



Linear Independence / Dependence
Informally : i

The columns of a ' F- ✗ 1- = [
' ° °

2 4 0matrix A are called :
356

]
i

independent if each . FEET
new column of A is !

actually new / i-e.it i [ % ] is not a scalar
is not a linear

'

i multiple of [ §]
combination of -1h ! [ % ] is not a in

.
come .

previous columns ! of [
'

} ]
,
[¥]

me www.m.eoep . ;!×a= , ; :*of the cats of A 1 6 40 § ]
determine the "size

" ! Lin
.
comb .

of vii. Etr

of Cal (A) .

I CiU + Cair + C
>
Cñtv )

'
= ( c. + c. 3) Ert ( Cz - Cz )Ñ1

If you have more than , ÑGIR>
,

Colla) is just

n vectors in IR
"

, they /
" '

a plane

must be dependent This matrix has
3 intep .

cols in 1173

⇒ Cal (a) = 1123



Span
span { Ñ , ,Jz

,

- -
-

, Jp } = set of all 1in
.

comb
.

of J
, Jj , - - -

, Fp

= {c. F- + czizt - - - + Cp Jj / c ,
,
Ca
,

- - ;cpElR }
Ex if A- = [ 4142 - - - afn ]

Mx n

Cal (A) = span { a- liar
,

.
_

.

in }

How many 1in
. intep . coils . does A have?

Rank of A

which are the first r 1in
. intep.co/s?

They form the basis for Col (A)

How do you describe the top. cats.
in terms of the intep . cats ?
• CR factorization
- Sys of eq



2. I - Elimination

consider a system

1×1 - 2×2+1×3=0

o 2×2-8×3=8 ⇒ [¥ , )+[¥¥:/ + =/ { ]
5×1 D - 5×3=10 5×1 -5*3 10

⇒ * [4++1%1++34]=1%1 ⇒ 1! :-# 1¥;] -1%15

Solutions to a system
I

solutions i / Ai =D

F- × 2×+3 y=5
42 / [ ¥ ]=[ { ]

4×1-21=6
⇒ [

23

coefficient
matrix

-212×+37=5 ) ⇒ 4=1
+ 4×1-21=6

⇒ ✗ =L
-

4y= -4

Analyze
[-24^-32]-7=15 because [41,1?] are intepmtent

,

↑
FIGHT / b- c- 1122 or Col (A) =lR2

Independent

[
2^-3

Colet)=span{ [ ! ]}
46 ]
99

Dependent



Augmented Matrix Coefficient

Consider ×
,
-2×2+3×3=0

0×11-2×2 -8×3=8 ⇒ (
l -2 3 0

5 ✗
,
t 0×2-5×3=10 5 0 -5 to

[ Ali ] solve AE :B by performing operations

- Swap rows
- Scale a row by a non - zero const .

- Replace one row with the sum of itself & a non - zero Multiple
of another row

(
I -2 3

Of
→ RiᵗR >

→ R

} (
I -2 3 0 -5122+12} → Rs

0 2 -8 8 0 2 -8 8)5 0 -5 to 0 10 -20 10

2 -8 g)
> keep goin w,

> (
1

,

-2 3 °
row sub

O D 20 -30 J Back substitution → 20×3=-30 → ✗
z

=
- { → . . .

AI -- b- Ii
" UI=i%e×=u - ' c-

upper triangular

pretend
• * 1 : : : :/ ÷:| ! ? ! :/

"""

:| : : : :|off here
° 2 -8 8 ° I -4 4 0 I ☐

I ✗
, =/A-Riff

' -2°

:/
""" i " / JI

, , / ⇒0 I 0 0 I 0 0 ✗ 2=0
O O 1

. -1 ✗ 3=-1

Gaussian elim
. / raw reduce

.

raw

system → Augmented Matrix¥
,

rref of [Ali ] → •



Using Gaussian Elim . / row retire to get rref

Def ref & rref
A matrix A is in row echelon form if :

1) All rows of zeros are at the bottom

2) Each leading entry of a raw is a column

to the right of the leading entry above it .

3) All entries below a leading entry are zero
.

A matrix A is in reduced echelon form if it
satisfies the above conditions and :

4) Each leading entry is a 1
5) Each leading entry is the only non - zero

entry in its column

F-✗ [
I -2 I ◦

a 2 -8 8

; ; ; ; / ←
rref

o o so so / ← Mf ⇒ [
' ◦ ◦ i

0 2 , TFF ,F- ✗ [ §
Imf
0 2 - I

• . .
/
""

it : : : :|

The point of rref

Suppose I have a SYS
.

of
eq .

AÉ =p s
-

t
.

[Ali ]
" i [ ii. I

-

! ;]
'
" " = '

×
_

+ ×
,
--4

⇒ 5¥" { !!
"

¥
.

✗ z= - ✗ 3+4 ⇒ [-5%1-+4] 5. t.tt/R
⇒ For each choice of ✗

3
C- IR

,

×
}
= t we get a tiff

.

solution to the original system .

⇒ " " '" " { I ¥+1 / ten / =/ tf! / +141 / tell }set

and
1) Exactly 1 solution ⇔ linearly intep . KIF
2) D solutions ⇔ linearly top .

,
free var { II

3) No solutions ⇔ so . - - ol k Keo



Matrix operations
Let A be mxn .

We write ai ; to denote the

Ci
,
;) entry of A

,
with raw i

,

cat j

1- = [ aij ]

E) B=[ I 23

4 56 ] 623=6

Addition & scalar Mutt
.

Let A- [ ai ;]
,
B=[ bii ]

1) A- = B ⇔ ai ;=bi ; for all i
,
i

2) A- + D= [ aii + bi ;]
3) CA = [Cai;]

Matrix Mutt . Deft
Given matrices A

-

and B
mxn nxp

we can define "

It . B
"

l I

AB =
It [ % & _ "

"

Yr ]Ef[ñij"ay . . - AH )←m×P
Mtl

Def 2 A and B
mxn

n - p ri - bi ri - 62 -
- - r

,
- bp

- ri - I 1 I

y
- [ r ' ' bi R2 - 62 . _

.

rz -

;bp ]A - B = f- r:< - ] [ bibs - - - bp -

'

:
'

:

-

_

- rm
- I 1 I rm bi - -

-

-
-
i
rm - bp

F- ✗ A- =/ ¥ ?;]
,

B =L ? ? ] 1- B. = /
23

i :/
3×2

2 × 2

i. j entry of 1- • B is

( rowai ) .("psi )

Matrix Mutt
.

is not commvnatine ( AB =/ BA )
i. A. B
" 3×2 2×5

= 3×5

F- ✗ 1- =/ Y ]
,

B = [ 5s -5 ] :
' B. A = DNE!

AB = [ I -88 ]
i. 2×53×2

3×1 1×3 5 g -5
!

BA -1-51+41+1 - s ) = -10

"

i

1×33×1



A. B =D # 1-⇒A. B AB =Ac⇒/B=c or

2×2 2×2 } not B. = 0

equal even if A- ≠ 0
§x2 "

2

I. 4 - CR factorization

Recall
,
the rock of matrix A is the # of indep . cols

.

• Zero indp . cats
.
⇒ A- =D

• one intp.cat . ⇒ rank A- = I

F- ×
A-- [ { 7

,
¥
,
! ] Each column of A

is a scalar of [ § ]
⇒ rank A = ,

and

Each row of A is

a scalar of [ I 2- , a ]
⇒
"
row rank

"

= 1

a matrix A can be
"

decomposed/ factored
"

into
C R

A = ( mxr ] / rxn ] where r = rank A-
Mxn

F- × A=[ { f. ¥
,
;] [ ;] 1-12-10 ]

s " 1×4

=/ { & ! ]=A

In general , C contains the independent columns and R contains

instructions for the dependent columns
.

1- Sef [ I :-& :[
R

C R

F- × a=[
'

} ! ;] ⇒ 1 ! ! ! ]
let G- [

'

} } ]
3×2

'

R = [
'

o ? I ]
2×3



Invertible Matrices

Def
Let A be an nxn matrix

.
A is called invertible if

there exists another nxn matrix C s
-

t .

t-nb-b-A-C-I-cj-t-ni.BE
F ( exists . its called the inverse of A

,
and is tended C = A

"

• it's
unique

F- × E
,

= [
'

o ? ] ← Raw op . : 2RztR
,
→ A

,

F- z= [ to 7) ← Irerse raw op .
:
-2 + Ri → R

,

E. E. =L ! ? / I :?) :[ i :) = I
,

F- zk-i.li?Hi?1-- [ if ] = I
,

F-z=Ei
'

ar E
, =Ez

"

→ F-
,
and Ez are inverse }

F- ✗ A = [
'

y } ] ← invertible
?

need : A [{ 4) = I
, ⇒ [

at " btzd

4a+8c 46 + gd] = [ If]
at 2C = 1 I 0 2 O

b -1 2d = o

4a+sc= . ⇒ / ! ! ! ! / ! / "
""" ^ :| ! ! } { <

contradiction
4 0 8 o o

4bt8d=l 0 4 o 8 I

⇒ The system is inconsistent

⇒ No such C

⇒ A is not innertable

Thm

n is invertible iff rank /A) = n

ar

Itn is invertible iff tet (A) to



Thm
.

let A be an nxn invertible matrix
.
then

,
for any

ÑEIR ?
the system Ai=b has exactly one solution given by E- A "Ñ

Pf Añ=b
' Mxn

A is nestable ⇒ FA
' '

s
-

t
. AA

- '

= In = A-
"

A

A-
"

AI = 1-
" b- ⇒ Ini = A

_ ' b- ⇒ I=A

Suppose if 13 same other solution ⇒ Aj=b ⇒ 5=1--15--5.
⇒ 5-- i ☐

IF [ Atb ] is a system with invertible coefficient matrix A
,

then it can be solved tri

If A is invertible
,
then Call A) = IR ?

In particular, any
Ñ c- IR
"

is in Col (A) =lR
"

.

Rank us . Invert-bility
Suppose A is invertible but has less than n indp cats

.

A- [ Y ] = o ⇒ A- ' Al :& ] -_ A-
'

II ] ← 1=10 [ ¥ ] c- Null /A)

ABSENT FOR

ONE DAY
This day covered invertible

matrices and their properties



row op .
on In nm,

same row op

→ E
° " A

→ E. A

In general , the operation f- Ri + R ,

- → R
; with KEIR

is given by
"

In with K in the ( i. it entry

Row retectnn to rref (A) can be viewed as

a sequence of matrix products.

F-
s

-
n - EZE

,
A = rref (A)

TEs
of raw reduce

-1hm
.
A is invertible iff rref (A) = In
Mxn

Pf

Suppose rnef (A) = In

then rref(A) = E
,

- . .EzE,A ⇒ In = A

⇒AE ,

* technically we said check ACEs - " EZE
,
)=In

Assume A is invertible ⇒ rref (A) =Es - - - EZE , Adama!:c!
"

of invertible

"
sub proof

"

If n

and B are invertible
,
then A - B is also inv

.

nxn

(AB ) - ( B-
' A " ) = In ⇒ ( 1- B) ( B-

'

A-
' I = ABB

_ '

A-
'

= A - In - A
- '

= In
IT

and B-
'

A
"

- AB = B
"

- In - B = In

⇒ CAB)
"

= B-
'

A
"

⇒ rref (A) is invertible ⇒ ranklrref CA ) ) = n

⇒ all rows are indep .

⇒ no rows of zero ⇒ pivot in every cot
.

⇒ ref /A) = In



LU Factorization

Let A
mxn matrix

Goal : reduce A to ref using only
"

replace
"

ops /no swap or scale)

If this can be done
,
then A

can
be decomposed into

A = LU where

mxn mxm mxn

LI lower triangular
,
invertible

,

I 's on diagonal
U= upper triangular ref

.

E
,

Er
F-
3

1 01F- ✗
A = (zzz )

- 2RitRiRz
, /

'

o

,
! ;) -3%+13%1 ! ! ! /

_""" % /
'

g. & ;)
345 II. I ;] 1 ! :?) Iii:] Ir

F- 3EzE ,
A- = U

multiply by IETÉTET" = E ? E.
"

E
,

"

A has an LU factorization if
must be

a __ 11k¥
" "

A-
'
= u

- '
L

- '

hxh

Ex A=[
'

} ? } ] d- → E. A- → F- a E. A- → F-
>

F- zE,A

⇒ ( E }EzE ,)A=U ⇒ A=(E}EzE , )
- '

U

⇒ A- EYE ,"Ej ' U
T

:

E. =L's ! ! ] ⇒ E.
"

=L ! ! ! / i 5- E.
"

E.
"

Ei
' :[

'

} ! ! ]
- 2 R

,
+ Rz→Rz

!

i. iv. 1111111 :
'

:/ =AE. =L! ! ! ] ⇒ E.
"

=L ! ! ! / '

: rerun
- 3121 + R} → Rz I

E. =/ " ' 1) ⇒ E.
"

=L ! ! ! / :
0 -2

-2 RztR} → R } !

[
lots of Zero

entries

for sparse matrices
,

LV is much faster than row

reduction
,
and much much faster than A

"



3. I - Vectnn spaces & sub spaces

n dimensional Euclidean space : IR
"

IR
"
-

- { lE://aic.IR }
nxt

Def .

A vector space V is a non - empty set equipped with 2 operations

(1) Addition : If u
,
v EV

,

then vtv is defined and Utv c- V

(2) Scalar Mutt
.

: If u c- V and C C- IR
,
Cu is defined and over

and a long list of axioms are satrsfred ( pg 89 )

eg . u + v = ✓ + u

( ( U 1- v1 = cuter

:

There must be a well defined natron of a zero

vector
,
I → c. a- = E u to = u

F- ✗ IR
"

,
0=1 ! ]

(1) Pn= set of all polynomials in one variable of degree ≤ n

Ñ =D polynomial
(2) Mm

, ,

E IR
" "

= set of all mxn matrices

eg .

M = 1133×2
in

= { [ &:{i://aiic.IR/i-- [ i. F) c- M
3×2

(3) Let I ≤ R is an interval

f- ( I ) = set of all functions f : I → IR
domain codomain

f. g C- F( I ] → f- + g) ( x ) = f- (x ) + gcx )

f E FLI ) (c. f) ( x) = cfcx)

Define I -

- I → *

} zeroI lx) =D
function

✗ E- I

non example 1

So 1H is not a vector space b/c it -s
1H = upper half plane of # :

not " closed under scalar molt
.

"

c. [ I ] c- IH [I ] ¢ 1H ! To be a vector space ,
all linear combos

.

I must stay in V



If vi. E E V
,
then cñtdñ c- V for all c. DEIR

Def

Let V be
a vector space and It ≤ V

Then It is called a subspace of V if It is also a

vector space .

Ex A
,

Col (A) B- a subspace IRM
Mxn

Ex THEIR
≥

subset but not subspace
9

fails # 3

Subspace test ←
V is a vec . space and H ≤ V. Then It is a subspace of ✓ if
(1) ⑦ EH

(2) if vi. I c- It
,

then it + ÑEH
"

closed under vector addition "

(3) if c- H and ce IR
,

cñ c- H

"

closed under scalar multiplication
"

Possible subspaces of 1122
{ 0 } span { v7 1132

zero subspace Ñ -1-0 whole space
point lines through

co
, a) plane

Possibe subspaces of 1123

{ 0 } span { F } span { ii. I } IR
'

zero subspace Ñ -1-0 vi. F are indp
point lines through 3D space

co
, a) plane

F- × = { 1:41 / a. b. DEIR } 111 [ I :) c- ✓

≤ M
→

subspace ? (2) closed under addition ?

subspace test : let [ % %
,
] E and [ THE

⇒ 11%1+11%1=5:" :::He-v✓
(3) ✓

Ñisusubspaceaf-



E , T = { A c- 1123×2 /
" " ⇐ A = "

subspaceor

rank A=o
} 1- ≤

,

(1) I = [% ? ] c- T b/c rank 5=0 ✓

(2) 1- =L ! ! ]
,

B =L ? :o) but A+B¢T
✗

rank --2 rank ,

A + B = [ I ;) ⇒ A. BET
,

rank =\

T is not a subspace of

Four fundamental subspaces associate to A
Mx n

(1) Co / (A) = set of all 1in
. combos of cols of A ← [ & . % - - - at ]

= span { a-i.az
,

-
- -

,

in } is a subspace of IRM

(2) Row space of A = set at all 1in
. combos of rows of 1- ← [ ¥;)

= span { Fi
,
iz

,

_
. - Fn }

(3) Nut / space of A is a subspace of IR
"

Null / A) = { I c- pi / Añ=ñ }
Mxn nxl MXI

(4)
"

Left Null space
"

coming soon

Thm

Let A
min

.

Null / A) is a subspace of IR
"

Pf

( It Ñ c- Null (A) since A- I = I ✓

(2) Let vi. it c- Null (A)

since vie Nv4(A) ⇒ Atul = Ñ

since ✓ c- Null (A) ⇒ ALF ) = Ñ

Alñ +F) = Air + At = + I = I ✓

(3) let it c- Null (A) and c c- IR

since a- e- Nulllt) = Air --

outs
.
A ( cñ ) = 6 ⇔ cite Null (A)

Alcñ) = c- Air = c. e- = I ✓ ⇒ cñ c- Null ✓

⇒ Null (A) is a subspace af IR
"



Computing Null (A)

A system of 1in
. eq . is

"

homogeneous
"

if it can be

written in the form AE = I for some A

man ,

Null (A) = { I c- IR
" / AE = j } =

solutions to homogeneous
Given A

system Ax_=ñ

Trivial solution : I =D A- a- = a-

F- × A = [
'

z 24 ? ] solve Ai=o for non - trivial I c- IR
"

[Ali ] 5
"

[
'
o } It ! ] = { ¥

,

= -2×2+3×3

} see

Any solution to AE =3 i3 of the farm

I = s [ I ] + -11 ! ] far same sit c- IR

⇒ Null (A)
= { sl -11+-11 ? ] / s ,ᵗᵗ1R} = span { 1 ? ]

,
[ ! ] }

Observation

Ai=é has a non-trivial solution iff [ A / E) has a free var
.

* If # columns of A > # of rows of A
,

then [ Ali ] has a
free var .

* If # of cats
.

of A > # of leading I 's
,
then [AIG ] has a free var

.

Thm Null (A) =/ { I } iff rank (A) < n
i

Pf

Assume Null (A) ≠ { I } ⇒ 1- a non-trivial solution to AE=o

⇒ 7×-1=5 s.t. Ai __ I

let i. =/
"

¥:)
,
A -144 -

.at/Ax=1&&--.aIn)f= 8 ⇒ Xia,
+ xzñz + - - + xnñn =3 At least one xi -1-0

without xiñi

✗ iai = - Xzñz - × } a- 3
-

- - -
- xnoin

a-
i
=

-

ai - - - -
- a-

n
←
without

-

a- i ⇒ rank (A) ≤ n - I < n [⇐ ]

Def of linear Independence !
A set of vectors {vi. v2 ,

- -

; up } in a vector space
V are

called linearly independent iff the only solution to 4J, tczvzt - - - + cp%=Ñ
is the trivial solution C

/
=

Cz
= - - - = Cp =D .

If ] a non-trivial solution ,
the set of rectors is dependent .



F- ✗ v
, =L } ] , v. =/ & ] , v. =L ! ] c- IR

}

non
- trivial solutions to [442¥ ] / &;) = a- ?

{
✗ 1=2×3

¢1M -1! ! :| :| II : -11 :] ÷.mn " = - ×
,

⇒ 1¥
,
/ =/¥! )=xsf? /Set

✗
3 free

⇒ Null (A) =/ tf! ] / ten} = spank? ] }
In particular , any t≠o gives a non trivial solution

to AI=é
.

If { vi. v2
,
.
.

.

, Vp } in IR
"

with p > n
,
then it must be indep .

F- × A -_ [ If ]
,

B = [
'

oh ]
,
C=[

'

☐
? ] as vectors in V=Mz×z=lR2

"

,

< 2 1- 2C }

Suppose C
,
A- + cz Btc > C = I ⇒ [

" " " "

c. + , ,
] =/ I ? ]

⇒
(
I

+ < 2T Cz = O

o
,

ca ;2 ; ; ; ;
⇒ 1 ! ! ! / ! / ¥

'

[ I } / ! / ⇒ c. =cz=c}=o ⇒ { A, B, C } Arms a linearly indep.

set in Mzxz

Bases and Dimension
Recall

,
e

, , ez ,
. .

.

, en EIR
"

denotes columns of Ih
.

Ei = ↳ imp. . ;↳n

the
"standard basis

"

on IRN

eg.IR
}

,
e. =/II. e. =/ II. e } -111

E J E

{ e , , ez , - .
-

,
en } in IR

"

has two important properties

(1) span { e. , er , . . . .eu/=IR
"

(2) { ei , ez ,
-

i. en } farm a linearly independent set
.

Def

Let It be a non - zero subspace of V. a basis for It is a set of vectors

{ b
, , bz

,
- - -

,

b
} } sit

.

(1) span { 4,62
,
. . .bp } = It

(2) { 61162 ,
.
- .

, bp } is indp .

Pf
.

Suppose { b , ,
. _ . ,bp } is a basis for some subspace HEV

,

and let ✗ c- H
.

Suppose we have Cib
,

+ czbit - -
- tcpbp = ✗ =D ,ÉᵗdzÉ+ - - - tdpbp ⇒ Ici -dib

,
+ (Cz - dib, t

-
- - + Cap - dp)Ñp=I

⇒ Ci =D , for all i



F- ✗ IP
,

= { at b×+c×2 / a. b. c c- IR }
\ / /

is called the std basis for Pn{ 1
,
✗

,
✗
2 }

More generally std
.
basis for Pn is { 1.x ,

. . . ,✗^ }

Bases for IR "

Let A- = [
'

y
- - - of ] be nxn

,
invertible

(1) For any
BER"

,
the system Ai=i is consistent with solution I -- A-

'

b-

⇒ b- c- span { a , .az ,

- -
-

, an } ⇒ span { a , .az ,

- -
-

, an } C- IR
"

(2) The only solution to Ai=o is i=A"ñ=ñ

⇒ { a ,
,
a
, ,

. . _

,
an } are indp

Std basis for M
2×2

1:11 = ali :) +61: : ]+cl : :] + dl:i ] ⇒ spank :] .li :] .li:1 ,1:X }
Thin

{Vi
,
V2

,

_ . _

,
Vn } is a basis for IR

"

iff A- [ YY - - - Y ] is invertible

(or

If A is invertible it gives a basis and cols of A
"

also give a basis
.

Cor

7 infinitely many bases for IR
"

eg [
'

i

, ] → [ I :?) a-to

key fact
If It ≤ V is a subspace and { 6 ,

,
62

,

- - -

,
bp } is a basis for It

,

then any other basis will also have exactly p vectors

Def dim H

Let H # { a } be a subspace of V. Thedimensionalitiesthe number of vectors in any basis for It
.
Tinto } =D



Ex

(1) dim IR
"

=n

(2) dim 1Pa =3

IPz={ atbxtcx' / a ,b
,
c c- IR } { 1

,
×
,
×
'

}
Jim Pn=n+l { 1×1×3 . . . ,✗

"}
(3) dim Max

,

__ 2.2

(4) If a- =/ O EV
,

H = span / ñ } is a subspace of V.

span {ñ|=H ✓ (il) is indp ✓

dimH=l

14.5) vi. TEV
,
H=span{ñ,v }

ñÑ≠ñ 1 if { it ,F } is dep

dim It = {2 if { ñ,v } is indep

Bases for the four Fundamental spaces

F- ✗ Basis for Null / At

let ¥
.

-

- F. ÷ ; :÷
,
] law ] 1 ! ! ! ! -11 :]

2×2 + ✗ 4
- 3×5

⇒ solution set = {
=

!!
"

"
" "

×
.✗ 2 free

× } = -2×4+3×5
= { =/ -2×4+3×5 ) = ✗2 / ¥

,

) 1- ✗
y / ¥ ) + ✗

s / /✗ 4

✗ s free
✗
s

⇒ B. = { 1 ! / , / , / ¥1 } ⇒ Null (A) ⇒ dim /Nu =3 = # freerarssndlrty.FI#rmsa-basigfor Null (A)

Basis for Col / A)

Identifying the
"

pivot cols
"

of A

[!÷ I 1 ! :& :& ] ⇒ 22={111,1%1} ⇒ dink .hn/--ranklA1=2

Basis for Row(A)

Non - zero rows of rreflt) farm a basis for Raw (A)

⇒ 23 , -

- {¥1,1:D



Connection to CR

if A = ( R is a CR factorization
,

then
Mxh

(1) { 5 ,

- - -

,
I } is a basis for Col (A)

(2) { Ñ
, ,

- -
- ,Ñr } is a basis for Raw (A)

(3) The dependencies described in R farm a basis for Null /A)

Linear transformations →

, fl×)•omain

calc 112 : f :B → IR
domain codomain ✓

12

Calc 3 : f : pi - IR :*
≥

> Y

i.
[ :]

±

For us : F : Pi - Pi 1-1×-1=5 111--11
a.
input g.

output nx 1

m , ,

for each I c- IR
"

,
1- (E) FIRM is called

theimagenfxviaT.TKset of all possible
"

images
"

via
T

is called

the ImT or Ranyee

Range ( T ) = Image ( T ) = Im / T )
= {Tci ) / I c- IR " } = { g- c- IRM / y=T(E) for same ✗ c- Rn}

F- ✗ f- (x) = sinx : IR → IR

i.
r

< _t± ,

fl "'2 ) = ,

I c- IR

• - I - Z

v

Tl d) =L ;-]

F- ✗ T : R2 → R2 [ E) 1- I :')
¢ [ ¥

.
] s.t.tl 7=1 :]

Imlt ) = / TLE ) / ✗ c- 1122 } = { [
×

;] / × , c- IR } = span { [ I ] } ≤ 1122

dm(Im(T ) ) = I



Matrix transformation
Given an Mxn matrix A

,
if I c- IR

"

,

then A I C- IRM
mxn nxl

So
,
the "

rule
"

I↳ Iti defines a transformation TA : IR
"

→ Rm

Ta (F) = Ai TA is the transformation associated to A.

g.
cats grows

F- ✗ A -_ [ I ] defines a transformation T

2×2

A
: 1122 → 1122

T¢ /[ ;]) = Alf ] = [ III. [ I ] = [? ] is the image of [ I ] via T
A

-

It!" )
-

-

É 1T¥ Tacit. _

- • J -

I 1 I

Ñ
• I 1 1 , I 1 , •

T#%)
=

,
,

-
=

~ -

- -

/

IR
'

domain IR
' codomain

Def

let V
,
W

'

be vector spaces .

A function T : V → W is called

a linear transformation if

(1) 1- ( ñ + F) = Tlñlttlv) for all vi. i c- V
Tv Tx

(2) Tlc -ñ ) = c-Tlñ ) for all ñ c- V and C EIR

Prop : A matrix transformation is a linear transformation

Pf
A is mxn

,

1-
µ

: IR
"

-R
"

T,+( ×)=Ax

Let ñ
,
FEIR

"

1-
*
( ñtr) = A / ñtr) = Añ + AT = Tµ(ñl+Tµ(F) (2) ✓

✗ T :P
,
→ 1Pa TIP ) = ( P ) is a linear transformation

subspaces associated to Ty : IR
"

→ IRM
Null (Ta ) _- { IER " / 1-1+(51--5)

= { it IR
" / Ai =3 }

= Null (A)

Image (Ta) :{ 1- * (5) / IER
"

}
Range (Ta ) = { AñeRm / KEIR

"

}=Col(A) ≤ Rm



Row (A)
11

Col (A)
Col ( AT ) 11

• T Im ( Ta )

• Ñ

""

"

÷
NUHLAT )

"

Null / Ta)

i.

IR " IRM

Def transpose
let Abe mxn ,

A- = [ ai ;]
The transpose of A is the matrix AT = [ aii ]

nxm

Prop A
min

(1) (At )
'
= A

(2) ( 1- + B)
1-

= AT + Bt

(3) ( AB )
'

= B'
_

At

F- ✗
2 4 23 - 4) ⇒ /PITI ?a- =/ ! ! ! ! ! ; ; :p , ] rank / A) =3 ⇒ Nulktl --41¥ / + t / ¥ ) / ster)0 I 1 I -2

4×5

D. = { Ñ , I } basis for Null (A)
→ dim@ v11 ( A ) ) = 2 ← # of free vars → Null LAI ≤ IRS

<•"" 132 = { 1 ! ]
,
/ & ]

,
/ { ] } → dim ( Colla ) ) =3 -

- rank (A)
,

Colla ) ≤ IR
"

"""
13 }

= { It;)
,
/

,

/
°

;) / → dim(Raw /A ) ) =3 = rank (A)
,

Ron (A) ≤ IRS



Thm " rank - nullity thin
"

or dimension thin

let ¥ .

(1) dim Row (A) 1- dim NUIKA)=n
rank nullity

(2) dim Colla ) + dim Nut / CAT / =m

ie
.

dim ( o / (A) = r
dim Row (A) = r

dim Null (A) = n - r

dim Null ( At ) = m - r

Thm "
I - I thm

"

Let A
man ,
all or none of these are true

(1) Columns of A are linearly indp .

(2) rank (A) =n ≤ m

(3) Null (A) = { I }
(4) Pivot in every cot

Thm "
onto - thm

"

,

let A
mxn ,

T
-
F. A. E.

(1) Rows of A are
1in

. indp .

(2) rank (A) =m ≤ n

131 Null ( At ) -
- { 5 }

(4) Pivot in every row

chapter 4

Recall
,
I
,

t c- Rn
.

I. J = ii. i. + . . - e- ñnvn =
[ " '
" - un

]1! = utv

Def v.v are orthogonal if v.v = Utv = DEIR

Def Let W ≤ 112h be a subspace .

The orthogonal compliment of W in IR
"

is

wt = { seitan / iii. ◦ try c- W }



F- × Let W = span { e. , ez } in IR ? note : W
, ,
Wz ≤ IR

"

wt = span { e , } WY = Wz ⇔ wz± = w
,

Pf Let Ñ be on the z-axis

⇒ Ñ= [ § ] for C EIR

And let view

⇒ = [ of ] ⇒ T.ir = vtw = [me] = o ⇒ Few
'-
⇒ z-axis ≤ Wt

Now let u -1¥;] c- Wt ⇒ u
-

y = o f ye w

⇒ u - e. = U - ez=o ⇒ U
,

= Uz =D ⇒ u =/%) for some u
} c- IR ⇒ U E -2 - axis

⇒ wt ≤ z-axis ⇒ wt = span {ez }

Thin Let A
Mxn

(1) (Row ( A ))
'

= Null (A)

(2) ( Colla ))ᵗ = Null (At)

PF et =/ /
,

I c- NIKA)⇒Ai=ñ

4.2.is#-Proiection-
Given a subspace W ≤ IR

"

and a vector JER ! find the vector in W

which is closest to it
.

^

•

J

w

; r.rs

✓

p is the
"

projection of 5 onto W ? This can be accompli>ed
with a transform (matrix malt

. )

closest means : 11J - pill ≤ Hi -511 for j ≤ w
i. e. p is the vector which minimized the quantity HÑ -511 / JEW



How to compute § = projw J

Step 1
Project onto a line

.

Let F. ñᵗR ? The projection of Tonk

it is nip= projñv = (¥É)ñ
>
ñ

IF r•p_ = proiñv

Note :pr%i=(%;!,-)cñ=¥uu,cñ=¥¥ñ = prairie

= proj
,
J where L = span {ñ}

This can also be accomplrsed by a matrix multiplication : Let it C- IR
"

ñ≠o
Define

p=Pñ=¥¥¥É= ⇒ P is symetric

P' =PP is called the projection matrix associated toñpµit c- IR
"

,
Pi = proiuv

NUHCP) = Lt

Ex let 5=1 ! ]
,

ñ =L ! ] ≤ R2

n
- →

Ñ

-

7 Span {ñ )
-

"
"

"

"

"

proiuv
-

i %

0
. I \ 1 I 1 I 1 I >

L

step 2
Project onto bigger subspaces

.

Let W≤ IR
"

be a subspace
1- ^

and b C- Rn ai

i w

; i.ie#rip=projwT
✓



Goal : Find the vector PEW which is closest to Ñ
.

Suppose { a , ,
az

,

-

. . ,ap } is a basis for W ≤ R
"

.

Then every

vector in W
can be written uniquely as AÉ for same

I c- IRP where A-_ [ of at - -
- Yr]

,
✗ =

i.e
. trying to find the vector A- ✗ c- W closest to Ñ

.

→

2D ¥?" - - - - - -
→

b

i.

,

,

-

'

'

"

f ! ←
Ñ - Ax is orthogonal to Ax

i
-A

- - - - -;) ↳ Ax
"

Normal

⇒ 8- AÉ e- ( Colla ) )ᵗ = Nail
.
/ (At ) ⇒ AT / b- Ax ) = @ ⇒ Atf =ATA× jams

"

TÑat ) A '_A×=Atb

Lemma

If the cols
.

of A
mm

are 1in
. indp ,

,
then

ATA is invertible and symetric

Pf n= rank (A) + dim NIKA/ ⇒ n-ni-dim.NU/KA1=Nulllt1-- { ñ }
↓

Cols of A indp . ⇒ Nut / (A) = { I }
.

Suppose C- Null /A'A) ⇒ ATA × =Ñ

⇒ ✗TATA ✗ = I ⇒ (Ax )ᵗA✗=o ⇒ (A) • (Ai ) =D ⇒ HA ✗ 11=0 ⇒ AI = I

⇒ I c- Null A) = { E) ⇒ x- =3 ⇒ Null /ATA)={ ñ }

NUHCATA )=o ⇒ dim NIKA'_ A) + rank IATA) =n ⇒ ATA is invertible
# nxn

Thm ATA is symetric
.

Pf CATA)T = ATCATIT = ATI

Thm If cats
.

of A are indp . and Ñ c- IRH
,

then the unique solution to ATA ✗ = Atb is given by ✗^=(AᵗA)"A
⇒ the vector in co / (A) closest to 15 is projwi-AI-ACATAI.AT#

Def let WEIR
"

be a subspace with basis { a . .az ,
. . _

, ap } and I c- IR
"

set 1- =/ 4. of . - " at ]
.

The projection matrix associated to W is

P=A - LA '
-

A)
"

At ⇒ PÉ=
pro;w5



F- X W = span { e , ,
er } ≤ 1123 ← xy - axis b- = [{ ]

P =

pro; matrix of W

A- = [II ] AᵗA=[if] P -- ALATA )
- '

A' = [ III ]
Pb=[II :X ! ] -

- ✓
p b

projwb

4. 3- Least Squares Approximation
Let A be man and beam sit

.
[A / b) is inconsistent

.

i.e
. there does not exist any

vector ✗ c- IR
"

S.t. 1- ✗ =b

The next best thing is to find approximate solutions

i.e .
find I c- R

"

s .t
. AI ≈b

i. e. Añ≠b but e- =b - Ai is as small as possible .

How ? Minimize 1lb - till as E ranges over IR
"

Def let [A / b) be an inconsistent system .

a least squares
solution to this system is a vector KEIR

"

sit
. 0<11 b-Ail / ≤ 1lb -Ail /V-x-c-IRhi.e.AE

is the vector in Colla ) which is closest to b-
⇒ AE =prajw ← lets call this Ñ

,

where W = Co / (A)

⇒ I - Ñ c- Calla)t = Null /AT ) ⇒ AT / 5-f) =p ⇒ Atb = Atp

⇒ ATAS = Atb ← normal equations

Thm
Let [Alb] be an inconsistent system .

Least squares }
Actual solutions{ solutions to = { to the normal}[Alb] equations

1-TAI __ Atb

-
best possible
approximate solutions



Application Best fit line !

E Consider the points ( 0,6 ) ( 1,0 ) and 12,0 )

we want f- (f) = A + Bt s.f.
Fco )=6 = A- + B. o

f ( 11=0--1-+13

f (2) =D = A- + 2B

i. e. we want to solve the system
A--6
1- + B=o

we can't b/c [ ! ! ! ] is inconsistent
A + 2B =D

Let C =L ! !]
,

b-- [ ! ] ⇒ Normal Eqs :[ etc / Cib] ← always consistent !

=L } } / 1) ⇒ [ i. 91.5 ] ⇒ The uniqe 1.5.5.

to [Clb ] is x^=[{ I

⇒ ( Tci = Ctb ⇒ ñ=( cicj
'

( b
flt)=5 -3T is the best

fit the
r

^•(0,4 what did we really minimize ?*

1lb - all as × varies over IR ?

5- 3T

•

L • •• )
(1,0) (2,01

~
%

Quiz 2
- 20 min

- 4 fundamental subspaces of A
↳ Bases / dimension
↳ ran - nullity thin → FTLA part 112

↳ orthog . compliment, ?
on At = Nunca)

( Col A)
1- = Null (AT )



4. 4 - Orthonormal bases and GSP

Goal Given a basis 73
,
replace 13 with a better basis where all vectors

are orthogonal

Def a set of vectors { Ui , -

ii. up } in IR" 13 called

(1) an orthogonal set if vii. u ;=o for all i≠i

(2) an orthonormal set if it is orthogonal and 114-11=1

You can always
*

normalize an orthogonal set to get an orthonormal one

{ ui.ua } - {¥.in#u.u}
orthogonal orthonormal

Ul , Uz
=/ 0

Reason I
If { Ui , Uz , . . -

,
Up } is an orthogonal set of non - zero vectors

,

then

{ Ui , Us , - - -

, up } is a linearly indp set
.

Pf
suppose c. Ñ

, tczu, 1- . . - tcpup =3 ( NIS .

C
,
=Cz= - - - = [ p=o )

Notice : 0 = Ñ . Ñ
, =(c. vi. + . -

- + cpñp ) - it
,

= Cilu ,
'Ñ

,
/ 1- czlu-z.in/+-.-tCplUp - ñ

, )

⇒ ◦ = C
, / ñ ,

_ -4,1 ⇒ o=c
, / / vi. 112

IT =L IT

since Ñ
, =/ o ⇒ 114,112=10 ⇒ 4=0

. Similarly Cz=cz= - -
- = Cp :O

Def let WEIR
"

be a subspace
.

An orthogonal (respectively orthonormal)
basis for W is a basis which is also an orthogonal set /respectively orthonormal;

F-× Std basis for R " is an orthonormal basis

ei=|É;f←i Hei / 1=1 ei - e ;=o i≠j

hxl



Reason 2
Let D= { vii. ñz

,
. .

-

, ñp } be an orthogonal basis for W≤ IR ?
For

any y_ C- ☒
^

,
prnjwy = Guitarist - - - + cpip where g- = ¥÷¥

;

l≤ i ≤ p .

If g- c- W
,
then pro;wy=y ,

and we get an exact formula for the coefficients

of J with respect to B

If 13 is an orthonormal basis
,

then all denominators are 1

Reason 3

If D= { ñ , , ñz
,

.
. .

,
ñp } is an orthonormal set in IR

"

,
then

1

"

Q = [ ↓ . 12
- - - Yp) is a really nice matrix

note : a matrix with orthonormal cols
.

is called a orthogonal matrix
nxp

(1) QTQ = [ ¥:?) / 4. Yi"=Ip
Hu

,
/ 1=1 ⇒ 114,112=1 ⇒ uiuit

(2) In general
,

QQ
'

=/ In
.

But if Q is square ,
then QtQ=Ip ⇒ QQ

'

=Ip
= Q- awesome !

(3) Geometric properties
"

• I / QI 11=11511 Q preserves length
"

• ( QE ) - ( QJ) = I. 5
"

A preserves angles
"

Reason 4 = Reason 3 + Reason 2
Let W be a subspace of IR

"

and suppose 13 = {Ui , Uz ,

- -
-

, -Up }
is an orthonormal basis for W .

p=Q( Q' a)
"

at
set Q = µ ,

Utz -
. . Yp) ⇒ Then the matrix which projects onto W is

=Q(Ip ,
- '

at
1 I

n xp
= QQT

i.e. for
any be

IR
"

,
proiwb = QQTI



Reason 5

Orthonormal bases always exist !

Gram - Schmidt Process ( GSP )
Replaces any basis with an orthonormal one .

Basis Orthag
"
normalize

"

basis -
Ortho norm
basis

G.S.P. 7

Ex ×
, =L ! ]

,

✗ 2=1 ! }
,

✗3=111 EIR
"

D= { × , ,
✗
z ,

×
} } is a basis for W = span/ × , ,

✗
2 ,

×
} }

✗
,

• Xz =3 × ,
< ✗

,
= 4

✗
I

• ✗ 3 = 2 ✗ 2
' ✗ 2 = 3

✗ 2
•

✗3=2 × }
- × }

= 2

Step I
-

Pick V. = ✗
,

set W
,
= span { v, } -_

span / × , }
step 2

Tet vi. be : Va -_ ×
.

- pro;w,xz =/ ! ] -1
,
/ × . =L! ] - ? / ! / =/¥,¥ }

step 2.5

IT needed scale v2
to simplify further computations

set v5 = 4 v2 =/ ? ]
,

set Wz = span { vi. vi}
* So far

,
we've constructed an orthog .

basis for Wa ie
. vi. v2

'

=o

steps
since {vi. V2 ' } is an orthng basis

Let V3 be : V3 = ×
}
-

proiwzx }
€
×
}
- ( projv.is + proiv ;

×
} )

=L ! ] -11 iv. +1 hit -111 -Hit :L:/ =
Steps

scale V3 to make life easier
.

V5 =3 v3 = [& ]
Once we've replaced each of the original basis vectors

,

we're done :B
- ={ vi. vi. v5} = { 111,1-11,1%1 is an ortho,

5¥ basis for W
.

Normalize each vector :

B-
-

= { ¥
. " , visit ,u¥, " } is an orthonormal basis for W



QR factorization
If A is an mxn matrix with indp cats

,
then

there exists an 1- = QR where Q has orthonormal

cols and R is nxn
,
invertible

,
upper triangle (with

positive entries on the diagonal) .

Note : R is not the same as in CR
.

How ? A
man

(1) Fond basis for Col (A) ( all columns form a basis )
(2) Apply GSP to obtain an orthonormal basis for Col (A)

{ Ui , 42 , - - - Un }
(3) For a = [Hiya - - - In] R= QTA

men

why does this work ?

QR = QQ'_A=A

Troi matrix for Cola,

QQ
"
≠ Im in general but

QQ
'- b- = proic.ua ,Ñ=b
↑

b- c- co
/ (A)

Application
Let A be man w/ indp cats

,

1- =QR
.

tb c- Rm

the
unique least squares sohu.sn to [Alb ] is

given by ^✗=R"Q'

Pf
Let

p
= projwb

,

w=co1 (A)

A --aR⇒ AS = AIR
_ ' Q'

-

5) = QRR "Qtb=QQtb= projwb =p

Chapter 5 - determinants

Geometric idea
F-✗ TA : 1122 → 1132 where ✗↳ Ax 1- = [ }

'

, ] TACH = Ax

trig In
Area 151=1

Area ( Talos ) ) = 2.1=2
ez • • e. + ez t.cz )

S Tcs)

[ •

e ,
J <

Fce
,
)
)

Ife , )=Ae, -1311111=1 ? ]

tn-led-tei-T.it/i)--1iJTa(e,+ez)--Tale,)tTr-lez )
wv



Thin

T : 1122 → 1122 is a linear transformation and A- [ T ]
.

For
any region 5 in 1122

,
Area /Tls) ) =/ detlt) / • Area ( S)

Minor and Cofactors
Let A be an nxn matrix with i

, ; entry ai ; A=[aii]
Minar

The i
,
; minor of A is the sub matrix formed by deleting

the ith row and jth col . of A

F- ✗ d- = [ § §, % ] .

11,11 minar of 1- is [% ! ] = M
, ,

( 2,37 minor of A is [ to %] =

Mz }
Cofactor

The Li
,
;) cofactor of A is Ci

,
- =L- 1)

"
"

def (Mi;)
F- ✗ Some A = previous A

( 2,11 Cofactor of A : Cz
,

= C- 11
" '

detfhz
, ]

= -detl.si. ] / =D

( 3,31 cofactor of A : C , } =L -1,3+3 det( [ { { )) = -6

Def Let A =[aii ]m×n
will "w[Cofactor expansion along row i : die ( iet aizcizt

- -
-

tain ( in
be

equal
cofactor expansion down Col . j : a1j( 1 ; t dzjczjt

-
- - tanjcnj

F- ✗ 1- =/ { ¥ %) C. E. across raw 2

92 ,
(
z ,
t 922 [ 22

+ a
23
[
23

= 2C - 1) % ? +411 ) /
'

, ? / -11-111
's

a -2
= - 2

O O - z

-

C. E. down Col 3

= ol : :| -11-111 : :/ + ◦ I :{ 1=-1
- 2

Fact
For an nxn matrix A cofactor expansion across any row or down

any
column always gives the same result

Def this value is det(A1_



F- ✗ A !
,
} } ] defeat = 1/32,1-213 ? / + c- " I } :/ = 11-11-21 -41-1-4

2 3 7F- ✗
D= / o - I 8

• ◦
4) def( B) = 21%41--21-41 = -1

Thm If A is
"

triangular
"

upper ,

lower
,
or diagonal

then def (A) = product at the diagonal entries

Det and Row operations
Let Abe nxn and KEIR

Raw op . Resulting det

swap RiR; →
- del- (A)

scale k . Ri → kdet (A)

replace kRi+Ri→R
,

- → def (A) ← nice !

F- × a-- I } ! H'÷'t:& :| f. ÷ :/ ¥4 ! ! ;t⇔i4 : ! :|
Ai Az A

}
A
4

def (1-4)=111111111--1 ⇒ detlt} ) =det( 1-41=1 ⇒ detltz / = -detct, )= -1

⇒ detl Az ) =det(An = - I ⇒ detlt
, / = { det(A) ⇒ detlA1

More properties of dot

Let Ai B be nxn KEIR

(1) det(AT ) = det (A)

(2) detlk.tt/--kh.del- (A)

(3) det(A. B) = dot /A) • def (B)

(4) If A is invertible , then detct
"

) -_ delta)
PF assuming (3)

Since A is invertible
,

A - A
- '
= In.de/-(A.A-Y=detlA).detCA-Jdet-InI=/ I i:/ = I ⇒ del-IAI.de/-lA-Y--iNotice:detCAl-t0



Thm nxn
A is invertible iff def (A) ≠ 0

PF A invertible ⇒ det CA) # 0 ✓

Assume det (A) =/ O

Es -
- - EZE ,

A = rref(At ⇒ def ( Es _ . - F- a E. A) = detlrref (A) )

TtFÉ ⇒ det / Esl - - .de/-(Ez1detCEildetCAl--det(rref1--det(rrefCAD=oT--TT--TT--o
⇒ rref /A) =In ⇒ A is invertible ! note : Es -

- - EZE
.

= A
"

Cramer 's Rule
solve Ax=b using determinants

.

' ' '

A- =/ aiaz - - - a

,n ]
,

b EIR
"

I 1

notation Ai( b- I =/ of .at - - ' & - - - off
I ≤ i ≤ n ith cat

Thm
◦ FA

IF it is nxn invertible and b EIR
"

,
then the

unique
solution to Ax=b is given by

× ,
=

det(Ailill
detA

Ex A- =L ? ? ]
,

b--1 ? ]
× ,
detain
deta

=

/ ¥1
det≠o 13,11=22⇒ A invertible

solve A×=b
* = 4,3¥ = -9 ⇒ x=

Let 1- = [ai ;)
^ " "

,

C = [ Ci ;] where [ i ;
is the ( i,i)ᵗʰ cofactor of -1

.

C is the matrix of cofactors of A

Def then CT =[ cii ] is called
• adjoint of A ad

,

- (A)

• Classical adjoint of A

• ad jugate

adj (A) = (
t

{
C " ( 21

[
31

[ ' 2 ( 22 [ 32 a
, , a

, , a , , / =/
det A O O

C
, } c. , c

, }
) /
"
" "" "

"

o deta o

O0h31 dzz a
} } a deft

}
3×3 3×3



Thm let A be nxn
,

and let ad
,
- (A) be the adjoint aft

Then
adj (A) • A = det (A) • In = A • adj (A)

If A- is invertible
, A. ( dtfa ,adil.tl/--IndetA--o

( or If A is nxn invertible
,
then A-

'
= d÷fTa, adi (A)

Ex A = [{ f) Ci , = C- 11
" '

detlcd ] ) =D c. ,

42 = C- 1)
' +2

det ( [ c ] ) = - c / , ,

'

a

" '
" '

def ( [ b ] ) = -

bad
,
- (A) =/ {; %:[ =/ I ? ] ⇒ if A is invertible A"=¥? ]

Chapter 6

Recall
,

a matrix A is called diagonal if ai ; = 0 For all i≠j

F- ✗ A matrix ✓ In ✓

F-× A- = [ I ;]
,
Ta :B

'

- Pi is given by II. (1511--1-15)=15 ;)

Most transformations are not so simple , but some are

this simple
"

with respect to the right basis
.

"

F- ✗ T=T* : R' → 1122 given by A =L ? ? ]
.

u :[ I ]
,

v. 171
,

w= / It
Tcu ) -- Au =L ? -111-1--1%1 u

. / 7 / "

1- is not
•

Tcu) diagonal
"

1- ( v1 __ Av =L ? -311 ? ] -_ [ I ] = 2v

Tiwi -_ Aw =L ? -11111=1 ;) = w

Def Let V be a vector space
an B = { b. , - - .

,
bz } a basis

for V. For any ñ c- V
,
there are unique coefficients

C
, , Cz

,
.
. .

,
Cp s -

t
.

Ñ = C
, bit -

-
- tcpbp

Ci
,

- .
-

,

Cp are called the coordinates of J war .t .

B.

[ F)
☐ =/ ¥;) is the coordinate rector of F w.r.tn B



By the way i.Piti given by [ it -1%1
T

→

area Celipse / =/ deft] / • area (✓ c)
•
ez

•
bez

UC Tcuci
•
ae

,

I ab
•

e
,

let u-l-tt.ir:1?1.w--liI If we view R2 w -
r

-

t
. D= { v. Wb

look what happens : coordinate vector or u wat .
D:

↓

114141 ⇒ u=F
, ] = -2171+31 ! ] ⇒ [u↳=[

Coordinate vector of T.lu ) =L? ] = -41 ? / +31 ! ] ⇒ [T.int] =/ -4,1=1%7,1

Def Let Abe nxn

Suppose V a non - zero vector I EIR
"

5. t.AE = 75 for some 7

The scalar I c- IR is called an eigenvalue of A

The rector I is called an eigenvector of A corresponding to I

F- × A- =L ? -31
,
v=[ ? ]

,
w=[ it

Av=2v Aw=1w
↑
1=2 is an witan

^ 7=1 is an eigen value

eigenvalue eigenvectorV is an

of A
corresponding

£ A

eigenvector
of A

+,
✗
=\

Corresponding
1=2

Two Questions
(1) How do we find eigenvalues of A ?

(2) Once we have eigenvalues ,
how do we find eigenvectors

corresponding to those eigenvalues ?



② suppose A is nxn
,

✗ c- IR
.

✗ is an eigenvalue of A ⇔ AI = Xi for some ✗ ≠ , in IR
"

Notice : Ai = Ii ⇔ Ai - ti = I

⇔ Ai - HIN)i=o

⇔ (A- XIn1i=o

⇔ I c- Null /A- ✗ Inl

We call Null (A - ✗ In ) the eigen space of A corresponding to X
.

{
✗AnH set of all eigenvectors corresponding to I and

① X is an eigenvalue of A ⇔ Ai=Xx for some I -70

⇔ (A- ✗ In)I=ñ I≠o

⇔ NuH(A - XIN / ≠ { I }
⇔ A - XIN is not invertible

⇔ def / A - tIn1=o

How do we find such X ? TEEpaknom.at

Treat 7 like a variable and solve det / A - tInl=o

E- × A- = [ ? -51 A- II. = [ ;
" -2

- at
det( A -1%1=(3-7)/-71+2

I -3,1+12+2

= (7-211×-2)

Ex A- =L } ?b ] find eigenvalues of A
:

Treat ✗ like a variable

A- 11--2=1 } }] - [ 5,11=12-+33 -6-7 ]
def (1--71--2)=(2-111-6-7) - 9=-12+41+1,2-9

=12+4X-2l_← Find roots !
= (7+711×-3) ⇒ 1,=-7,1z=3_

* A ER is an eigenvalue of A iff X is a root of the

characteristic polynomial .

* If 7=0 is an eigenvalue of A
,
75=16 c- IR

"

S.t. Añ=7ñ=Ñ

⇒ 75=10 in Nuit / (A) ⇒ A is not invertible



Claim: A is nxn Nut / (A) ≠ {I } then A is not invertible

since NUIKA ) to ⇒ dim Null (A) > 0 ⇒ rank (A) < n

⇒ A is not invertible rank nullity theorem all the way
!

A /t ✗ = 0 is an eigenvalue of A

⇔ det CA - XIN )=o
0

⇔ det (A) =D

⇔ A is not invertible

Thm An nxn matrix A is invertible iff 1=0 is not

an eigenvalue of A
.

Def Let An
(1) Suppose det( A -7in ) = ( X - r )mp( X ) where r c- IR

,

m ≥ I ,p(7) F.¥
Then ✗ =r is an eigenvalue of A with algebraic multiplicity m .

EI det CA - tin )=( 1+71211+313

Then the eigenvalues Aare

;¥÷¥=;÷%!¥É
(2) Let ✗ be an eigenvalue of A

The geometric multiplicity of X is dim Null ( A -7in )
.

i. e. geometric mutt of ✗ = dim {
×

* an eigenvalue can have multiple eigenvectors , not wee versa



Ex 1- =L ? El
+

4 - I - I 6

step 1A - II } / = - 2

+ z
_ , • →

=L" -HI Ex / -121 / % / + (2) I £ , /I - X b

= 73 _ 1372+40 X - 36 = ( X - 9) ( X - 2)
2

⇒ ✗
,

= 9 is an eigenvalue of A y alg .

molt
. I

⇒ 12=2 is an eigenvalue of A w/ alg .

mutt
. 2

Steph Compute Null (1--91--3)
A basis for { ×

, is every eigenvector[{ ¥, &
,
/ ! )→ʳᵗ / ! I / :| ⇒

B
,

= { 111 }
of 1-

corresponding to
o o O O Xi is a non - zero

multiple of It ]dim Ex
,

= dim Null (A- 91--31=1
⇒ ✗

,

= 9 has geometric mutt
.

1

Compute Null / A -21--3 )

[ A - ZI
}
to ] F- [

'

g-¥ ! /
°

;) ⇒ geomult of 12=2 is 2

731
,

= { 1%1,1 ? / } is a basis for {
a
.

i. e every eigenvec .

of A corresponding to
12=2 is of the form E- = s /%) + tf? /

,

I ≠ 0

Two cool theorems
could have

repeat

Thm Let 1- = [aii ] be nxn with eigenvalues 7
, ,
72
,

- .
-An

then 111 det (A) = # Xx
f- = I

(2) trace (A) = É
,

aii = É ti

ED A- [ { & ] det / A -41,1=1%4-+1 = ( a- A) ( d- H - be

= 12 _ ( and / It ad - bc

pi ) characteristic polynomial of 2×2 A = ✗ 2- trace (A) A + det (A)

Suppose 1 ,
= r and 12=5 are eigenvals of A

⇒ p( 7) = ( t - r ) / X - s ) = 12 - (rts ) 7 + rs

⇒ 12 _ ( rts) ✗ + rs = 42 _ trace (A) ✗ + def (A)

F-✗ A- = [{ ¥ ! ) def (A) = 2.3.4 trace (A) = 21-3+4

IA - AI > I = /
2- ✗ 7 S

j
3

% , / = (2-7)/3 - 7) (4-7) ⇒ eigrals : 2,3
,
4



Thm If vi. V2 ,
_ . .

, Vp are eigvecs corresponding to
✗ it ti

far i≠i distinct eigvals X
, ,
Az

,

- . . ,Ap
,

then { Y ,
"

; up } is indp .

✓

Av
,

-

- Yu ,

a
,
≠ 1 , suppose ciT+czÑ=°

1- vz= ✗ is

⇒ A ( Civ
,
+ Czvz ) = I ⇒ C

,
Av

,

1- CzAvz=Ñ
⇒ [

,
I

,
I + Catz # = Ñ ⇒ [ 272% - Cz 4 Ñz =D

⇒ Cz ( X , -7 , )ñ=Ñ ⇒ Cz = 0
. similarly

,

C
,
=D

⇒ { V , ,
Va

,
- - -

, Vp } is linindp.

Def Two matrices A and B are called similar if there existshxh nxn

an invertible matrix P s
-

t
. B=PAP

"

⇔ P
- '

BP =A

Notation : A is similar to B → An B

A ~ B ⇔ B ~ A

Ex A - A i.e . A = In A In
"

reflexive

Ex A :[
'

o :)
,
13=1 :?) B=PAP

"

⇔ BP=PA

11:11 : :) =L: :I=BP=l : :H ? :]
P A

why do we care ?

Thm If A~B
nxn nxn 1

then A and B have the same eigenvalues ! same char poly !

Pf Suppose A - B
nxn hxn

⇒ FP invertible sit . A =P
_ '

BP
nxn

det( A - ✗ In/ =det( P
- '

BP - tin )=det( P
- '

BP - XP "P)=det( P
- '

( B- tin / P )
-

= detfp
"

) .de/-(B-XIn)-.detCP)=det(B-xIn)-



When is A similar to a diagonal matrix ?
F- ✗ 1- =L ? ? ]

,

D= [ ? ? ] claim : A - D

Let P=[ ? I ]
.

D =p
- '

AP ⇔ PD -_ AP

A P Di. in : :] -1 : :]
I ? -1112.11=1 ; ;]

⇒ PT ? -111 =p: ;]
A
eigrals

1=2 y= ,

of A

Def A
n×n

is diagonal.- zable if A is similar to a diagonal matrix
.

i. e. if ] diagonal D and invertible P s.t. P
- '

AP =D
"

P diagonalizes A
"

Note : Suppose A~Ddiaa.nu ,
⇒ D= P

- '

AP ⇔ PD=AP
nxn

1 I 1 I 1 I
P =/ v. v2 -

- -

yn] D= /
"

'

12
.

.?,n ) ⇒ PD =/ TY %"
- "

XY)I 0 Ieitge.nl#-sIr- A '

AP = [ AY, ¥2 - - - AH] ⇒ Av,
= Av ,

,
Ava -_ Tlzvz

,

- - -

,
Arn -_tn✓n

If A is diagonal izable , then P
- '

AP =D 10=1%1+5, ]
,

D= /÷:

Thm A is diagonal ,-zable iff there exists n linearly independent eioenreos.

nxn

i. e. iff ] a basis for Pi of eigenvectors af A.

Warning :

1- =/ :L]
,
13=1 :?) A- ✗ B

For 1=2 : compute Ea,
= Nut / (1--21--2)

[A - 2Iz ] = [ ? I ] ⇒ dime
,
= I ⇒ can only find I indp . eigenvector

⇒ A is not diagonal izable.ae/gmultnf1=2=2--l-- geometric multaf 7=2



indp cats

Suppose A- ✗ =b is inconsistent Goal : Saline L
- 5.5

. using QR

suppose A- = QR R= QTA QQTA = -1
Mxn Mxn nxn

↑
orthonormal invertible
columns

7 ! I = R
- '

Qtb

Finding P
- '

AP =D
① 2 3 4

Let A = [ ② ◦ ;)O O ②
O O O ④

Slept : Find eigenvalues
1

,

= 1
,

Az = 2
,
✗

>

= - I

AM __ 1 AM -_ 2 AM __ I

step 2 : Find eigenvectors
a. ⇒ 1¥11

,

% ⇒ 11:11 :D
,

I
}
⇒ {1¥:| }

step } : Form P and D

p= /
'

◦ 73
-

%
◦ ;) p-1=1 !

-2 -3 %
•

D= / I ?
◦ °

i o o

o o Ii. : ; -7 }
,

• 2

o o ◦
%)O o o - I

5E 1- =/ ¥ ? ;) ⇒ 7
,

= 1
,
72=5

<
1 free var

AM = 2

For 12=5
,
[A- SI } ] = [¥ ! ! ] ⇒ dim Ea

,

= 1 GM =L < AM=2 !

Aisnotdiagono.li#e

Summary A is nxn

(1) For any ✗ of A
,

0 < GM of A ≤ AM of 7

(2) If A has n distinct eigenvalues
,

then A is diagonal .- zahle

(3) A is diagonal ,- zable iff GM of ✗ = AM of A t eigenvalues 7 of A

(4) Eigenvectors corresponding
to distinct eigenvalues need not be orthogonal

ex

IH.li/=oA--ffba/t.--a+b,tz=a-b
⇒ IA - AI, / = / %

" b

a- a / =(a- 1)
2

- b' = . _

=/ 1-( atb)) / t - ca- b) )
. [ A- ( a+b1Iz)=[¥ !;) # [

'

◦
I ]

.

{
a.
= sprit / it's

[ A- (a- b) Iz ] = [ ? ] ¥ / it ]
.

{
a.

= spill !, ] }



For any
I c- IR

,
TCI ) = [TIE

More generally : If D= { b , ,
bz

,
-
. . ,bn } is a basis for R

"

,

T :B
"

- Rh is a linear trans
,
then the B matrix of T is

1 I
[T]

yz
= ( [Tibi ] [ 1- ( bat ] , - - - [ 1- Cbn ) ]

,)I 1 I

Recall if ✗ c- Rn
,
D= { b.

,
-

- -

, big
] ! I = Cib

,

+ Czbzt - - - + Cnbn ⇒ [× ]
,}
= [

[T ] ]} satisfies : [1-1×-1]
,}

= F)
☐
[ × ]
,

EI T : R'→ 1122 given by [ f) 1- [3×-27]✗

with respect to the standard basis :

Std matrix of T : 1- ( e ,
) = 1- ( [ it )

,
T(e.) =T( 19 ) )

[T] -

_ [ ice;D TCH ] =L ? ? ]
"

A
"

the respect to a basis of eigenvecs

23 :{F. is } -

_ {12.1.1 ! ] } ⇒ TH=t( [2,11=1421--21 ? ] =2u
Tlwl =T( [ I ] / =L ! ] = w

Tlb
,
) = 2b

,
= 2b

,
+ Obz ⇒ [TIKI ]

,
=/ ? ]

1- ( b
,
) = bz = Ob

,
+ Its ⇒ ( Tcbzl ]

,
=/ ? ]

I 1
So
,

the →BÉ of T is : [ T ] , = [ [Tcb,
] ]
,

4- ( tr ) ]
,] = / }

°

, ]
diagonal !

b. Esiseigenveos I /

* with the right choice of basis
,

T can be represented by
a diagonal matrix

.

For any ✗ c- 1122
,
[ TCH ]
,
=L } ? / [ × ] ,}

LT] × 1-1×1 ✓ex
✗ =L ! ] c- pi Tex )= /

""

j
" "

/ =/ { 1 or [ ? 1111=151

1×1,3=1
'

, ] ⇒ 111--112,1+1111
ITCH ] , =L ? ]

⇒ [51--213]+11 ! ]

[2,1=13.111 :]
[TCH] [T ] ,} [× ] ,}

[311--1%17%12,1]
p



Sy metric Matrices

Def A = AT [ai ;] = [ aji ]
Mxn

F-× Let A be any
matrix mxn

IATA)t = AT (AT )t=ATA
nxn

(AAT )
"
= 1- At

mxm

Warning : Eigenvalues can be complex numbers

A=[ ? I ]
,

detlt - teal =/
_

? I = ← no real roots#
⇒ 1=±i are e.vats of A

.

¢ = { ai-bila.be/RJ note : c-
2

= - I

① ( at bi ) + ( ( + di )=( a + c) + ( b + d) i

② EY (bi )(di ) =bdi2 =
- bd

ii. 1=1 :]
,
ili-I-E.it

Main facts Let ¥ = At

(1) All eigenrals of A EIR ie - ha complex ( n total )

(2) A is orthogonally diagonalsable
i. e- A is diagonalizeable and eigenvecs can all be chosen to be arthag .

to eachother

i. e. we can find an orthonormal basis of eigenvectors of A for IR
"

i. e. D= Q
- '

AQ = QTAQ

Ex A=[ bat a. BER
7. = atb 12 -- a - b

A = a :b
,

1- = At v. =/ I ] v2 -_ [I ]
J

,
=É[ I ]

,

I =É- it

then Q =/ ¥ F) =/¥ ! is an orthogonal matrix

⇒ D= A-
'

A a ⇒ [
at ' o

o a-b) = QTAQ



Thm A is symmetric iff A is orthogonally diagonal izable .nxn

Pf [⇐ ] 1- D and Q s.t. D= QTAQ

⇒ QD = QQTAQ ( QT = a" )

⇒ Q D= AQ ⇒ QDQT = AQQT = A ⇒ A = QDQT

⇒ At __ (QDQT )T = #JTDTQT = QDQT = A ✓

[⇒ ] Av
,
= X

,
V

,
,
Ava -_ Izu w/ 7

,
≠ 12

claim : V1 - V2 =D
.

1
,
/ vi. V2 ) = 7

,
Vitvz = ( 1,4 /

+

V2 = (Av
, /TV, = VIATV,

= V
,

T ( Avs ) = VY( talk ) = 12 ( Vi V2 ) = Talk -

v2 )

⇒ 1,14 - v21 = 1z( vi. vs ) ⇒ ( 7 ,
-7s ) / vi. Vz ) =D ⇒ VO
TETE

=/ 0

So
,
for any A- At

,
7 a diagonal D and orthogonal matrix A s

-
t
.

Eigen spaces of A=At
D= QTAQ ⇔ A = QD at ⇔

3- an orthogonal basis
of eigenvecs of A far IR

" ⇔ are fundamentally
orthogonal

space

Energy
Symetric matrices also define "

quadratic form ?

Let 1- = At

e. a::+ .

" """ Ea :*"

by F- (5) =xTA × ( not a linear transformation)
nxl lxn nxn nxl

quadratic
polynomial in
2 variables

↓ Paraboloid

E A = [ } ? ] Eff ;] / = [ × y ] [ } 3) [
×

, / = [ 2×+3 , 3×+2×11%1=2×76×-1-2,2

F-✗ A =L } ? ] F-
a
( × , y ) = [ ✗ Y ] [ ? 3) [

×

, ] = 3×2+7,2
12

mon ,

Notice F-ACHY) is unbounded so nom .

But we can

ask for a
" constrained Max

.

"

min =3
> Y

I



Set M = max {Enlil / 11×-11=11 i.e
.

if we we only allow for 11×11=1
A what is the biggest output Eacx ) .
m = min { Ea(ñ ) / 11×-11=11A

Thm A=A
'

,

F-
a
(x ) =×ᵗA×

, Ma , MA

Then ① MA = largest 1
, ③ ma = smallest 1

Pf Since A is symetric
, you can orthogonally diagonalize it

.

i.e
. J Q

,
D sat

. A = QDQT

F- a( × ) = ✗
'
'

A × = ✗TQDQTX =/ Qtx ) 'D Q' ✗ = yt Dy = F-
☐
( y)

In particular , MA = MD
,
ma = Mp

F-✗ n=3 suppose a ≥ b ≥ C are eigenvalues of A

⇒ D= / ab , ]
,

set Q = [Yi Ya Ys]
For any y = / %;) ER }

, ay ,

?
= ay ,

≥

,
byz2≤aYz2

,
Cy

,

}
≤ ay ,

2

If 11911 =L
,
then F-

☐
( Y ) = Y'

-

Dy

= ay ,2+ by? + c y >
2

Furthermore
,

F-
☐ (F) = a

≤ ay ,

'
+ ay ,

≥

+ ay >

2

Ep ( y ) = ay ,

2
+ by? + Cy

>

2

=D

=
a (7,2+12+9,2) § a=M

= a 119112 = a
?

Positive definite / semidefinite matrices

Def Let 5=5 ' symetric
(1) 5 is called positi-def.it ( PB ) if all eigenvals.

of S are positive
(2) 5 is pode-e ( PSD)

,

if all eigenvals are ≥ 0

[} ? ]
1

,
= 2- 3 = - I < o

[ § ] PD [ PSD
✗ 2=2+3--5

neither

Let s = St
,

5 is PSD iff Escx ) ≥ O V ✗ c- IR
"

i. e. if the minimum of F- scx )
, Ms

,

≥ 0 ⇔ Escx) ≥ D



"

Test
"

S is PSD iff s=AᵗA for some A

Pf [⇐ ] suppose s=AtA for some
.

Energy test : compute F- SCH

Let ✗ C- IR ? Es ( x ) = ✗Tsx = ✗TATA ✗ =(Ax)tA×
= (A) ◦ ( Axl = 11A ✗ 112 ≥O ⇒ 5 is PSD ! ⇒ I ≥ 0

[⇒] For any n
,
ATA is PSD i. e. all era 's are ≥ 0

Suppose 5 is PSD
. ex n=3

Orthogonally diagonalize S :
at D Q

5=1%5--11
"
" ;) / 4,4%1 each Ii ≥o ⇒ A. c- R

Write "

D= JD . JD = [
"

'

Kiara
,
]
"

¥.

Write 5 as 5 = QTDQ = QtrDFQ=L TAQI
Recall second derivative test calc I

f(×) has a minimum
at ×

,
if fL✗o ) :O and f ' _( Xo ) > ☐

SDT for higher dimensions

f- ( × , y ) has min at ( ✗ o
,
%) if ¥:/ ix. % )=¥y /

ix. e.)
= °

and H = [ fix f
" ) is a PD matrix at ( Xo ,Y☐ )fyx fyy

Hessian
matrix



Singular Value Decomposition
Given

any mxn matrix A
,

we will study the two square

symetric positive semidefinite matrices associated to A

ATA A AT
nxn mxm

symetric symetric
PSD

PSD
✗ ≥ o

a ≥ o

A does not have eigenvalues but AIA and AIT do
.

Singular
""

Eigenvalues values
of ATA of a we can 't diagonalize A

,
it's not square

Next best thing: Decompose A into A- = Q D P
"

invertible
ᵈi→↑ʳᵈ [

invertible PFQ

Observation
Let A

man

with eigenvalue I c- IR .
Pick an eigenvector ÑEIR

"

fort

① A v=7v

And normalize I ② 11TH =/

Notice HATH = 111511 = 7111TH = 111

So It / tells us how much A stretches in the Ñ direction

In particular , the evals with largest/ smallest magnitudes tell
us

which directions A stretches the most / least

F A =[ { } ]
,

Ta :1R2 → 1122

evals : A ,=7 → v. =/¥ ]
,

12--3 → v. = [%
.
]

Av
,

= Tv
,

Ava = 3vz

☒
2

P2 A- = QDQ
' '

••

> ✓
,

⇒ detlA)=detCD)
•
V1

i.
.

.< ) ( )

•

V2

,

,

,

,

,

,

,

'

_

"

"

"

•

3h

✓ ~

Now let A be mxn
.

We can't ask for erects and evals but the question :
"

which direction does A stretch the most / least ?
"

still makes perfect sense !

i. C we want to compute ma×{ 11A v11 / Hull -- if
min { 11A v11 / Hull = if



2

d- =/
" " ' "

]F- Ta : IR
}
→ IR given by s i -2

which direction does A stretch most and by how much ?

i. e. max { 11A v11 / 1141=1 } ?
First : I / A- v11 is maximized ⇔ 11A v11

"

is maximized

11A v42 = ( Av ) - ( Av ) = (A)
'
-

Av = vt(A'
-

A) ✓

Energy of ATA
so
, HAvH2=EnergyafA_ ⇒ 11A v11

"

is maximised ⇔ is maximized
I / v11 =\

By our theorem
,
the Max energy of ATA is given by the

largest eigenvalue and its attained at a unit eigenvector

corresponding to the largest eval .

so
,
we need to compute eigenvalues and erects for ATA

.

1
,
= 360

A
+

A = µ § )[
"

8

"

7

" " ]
= [ on no 140

-2 ! ; :) → eigenvalues
a. = go

14 -2 of ATA 23 = ☐

So
,

the Max energy of ATA is 1
,

= 360 and its attained a unit eigenvect

corresponding to 7
,

= 360

⇒ Max value of 111-412 = 360

⇒ Max value of 11A v11 = Fbi = if
,
← first singular value

of A

1-Recall for any
matrix mxn ,

ATA
nm

is Pn
.

① ATA can be orthogonally diagonalized
② eigenvalues of ATA are all ≥ O

Def Let A
mxn

Let {V , , V2
,

-
- -

,

✓
n } be an orthonormal basis of eigenvectors of ATA

for IR" corresponding to the eigenvalues 1
,
≥ 1

,
≥ I

}
≥ - - - ≥ An ≥o of ATA .

Then
,

the singular Values of A are oi=Ti1≤i≤n- arranged
in descending order

.

Notice I / Avi / [ = (Avi )ᵗAv
,
= (Atari ) = Y? Airi ⇒

HAvill-o.IE/IA--[
" " ' "

] A. = 360 > 72=90 > 73=0 Note : Some singular8 7 -2
Values might be zero .

⇒ 0
,

= IT
,

= Fbs > 02=595 > J , = 0 The non - zero singular
valves will play an important
role .

Def
a possibly non - square matrix is called diagonal if ai ,- =D when i≠j



The singular Value Decomposition (SVD)
Let A be an Mxn matrix with r non - zero

singular values ( r ≤ n )

0
,
≥ 0

,
≥ - - - ≥ on > o

A = UEV
'

whereThen
, - orthonormal cats

• U is mxm nrtgnamatrix
• V is nxn orthogonal# rix

• [ is an mxn diagonal matrix with 0
,
,

Ta
,

- - -

,
or along the diagonal .

• The columns of U are called the left singular vectors of A
.

• The columns of V are called the right singular vectors of A
.

I vtUmxm

A = [ ↓ ,
in - - - d) [

'

o
.

I 1 I -

m "

⇔:÷e÷ÉEÉÉH÷¥÷:¥
vectors nf A

singular valves of A

Note : since V
"

= VT ⇒ AV = VE

.i/
⇒ AY=qu .

A V2 = 0242
A / YY . - - - In ] = v17 . A Vr Or Ur

A vr+ ,
=D

:\
Avn = °

Eel a- =L : : :: ]
step Orthogonally Diagonalize ATA

1. = 360 > 12=90 > 13=0 vi. [¥;]
,
vz=[¥;)

,

v. =/¥;)
Steph set up [ and V

J
,
= Ft

,
= to > T

,
=D

,
= To > 03=57, =D

==Évalues

[ =/I % ;] =/
% • o

o to o ]
V = [ Y , Ya %) = [%

-% %

ri.ii.in?!:.::H.-....astep3-Find the left singular vectors and set up
U

Easy case : If r=m
,
then set Ui = Avi I ≤ c- ≤ r=m

F" +" " " " " ° " "
" " = " "" "

|
↳ +" " ° " ^ "

ui-o.Avi-E.li : :/ 1¥;) -13%1 A = VIV
'

Uz = ¥
,

Ava __ A [¥}] = [F%
, ) 2×3 2×22×33×3

= [
% Yr.
"To

-%, / [
% ◦

set U=E¥rd ◦ r. :H¥;¥;¥:/



SVD Facts
Let A-- USVT be an SVD of A

.

◦

Singular values singular values

( O ) A = UEVT ⇒ AV=UE

Av
,
= 5

,

u
, Avr+ ,

= 0

A- v2 = Tzuz i.
:

Avr = Or Ur
Avn = D

(1) { Ui , Uz ,

- -
-

,
Uris is an orthonormal basis for Col (A)

⇒ rank A = dim [ a / (A) = I ←
# nf non - zero

singular values

(2) {✓ rn ,Vr+a
,

_ _ ' .vn } forms an DNB for Null (A) ⇒ dim Null (A) = n - r

(3) { V1 , V2 , . .

;
Vr } forms an DNB for Rawa ⇒ dim Row A = r = rank (A)

(4) turn
,

- - -

, Umts forms an DNB for Null (At) ⇒ dim Nut /(A) = m - r ✓

(5)
Rn

TA

> 112m

0

Avi = Ji Ui

°

%

fiii.irviii.it
'

→ Ñ

§ a

%%
,

"'m
¥

'

'

:c
, , ☐

genii
'

(6) If A is nxn
,
then A is invertible iff 0 =D is not a singular

value of A



Principle Component Analysis PCA ≈ SVD

Goal Given some data
,

find a new way
to view the

data (basis ) which extracts as much info as possible in

as few dimensions as possible

setup Given vectors iÉÉnepP
The mean of ✗

, ,
✗
z

,
.
. .

,

✗
N

M = # ( ✗ it ✗at -
- - + ✗

n ) c- IRP

This calculates the average of each row of the matrix :

[HI . -
. _ In ] ie M=[?

"

/
avg Rp

Nxp

Assume/ Force the data to be centered
,

i. e. M=o
center

^-

÷:-.
÷ ⇒

< s < ii.ii. =" s

- / v

v v

Assuming M =D
,

we say
, =/ ¥ .

- - - ¥ ] is the data matrix in mean - deviation form

set S = BBT ← Covariance

matrix

The trace of 5
,

trls) is called totalvar.ir/-ion- of the

data
.
It's a measure of how spread the data is

.

PCA Let 13=14 .

; In] , w/ M=o , ¥p =# Bt
ATA = ¥11313T = 5

Apply SVD to A

The right singular vectors of A are calledtheprinciplecomp.onentsofthedata-vi-f.rs/-principle component ( largest G)
,

V2 = second principle component ( second largest 0 )
,

- - -

, Vp .



F-× Math/Cs
Math

[
88 81 92 86 81 82

]CS 92 79 93 84 84 78

students_ ×
,

✗ 2 ×
}

✗
4

✗
s

✗
6

First center the data : M=[ § } ]
,
13=1%13, ; ; ; ; ] ←

mean - deviation
form

~
•

✗
,

7 •

✗
3

✗ I ✗
2 ×

} ✗
4 Xs ✗

G

r
i
- Pct 1- = # Bt = ¥13T
-

•

ATA = s = [
20 25

25 40 ]
i

An SVD of A ( with rounding ) is :
C I 1 I 1 i i 1

T¥ "

i l i I 1 I > Math-Vz ✓
T

• ✗ 5
- •

✗4 .
g ←

1ˢᵗ P.C.

- A≈U i. F) I :{ = , / ← andre .

-

6×2 6×6 { ¥ ! 2×2

-

6×2
-

✗2
. _

'
spin's v,=[.bg ] explains the most dominant direction

• ✗ 6
-

of the data
ᵗ

Isspirit V2 -_ [ 8.6 ]

* V1 Can be interpreted as a new way
to compare students

.

Strength t- index SI= < 6 Math +
•
8 CS

Consistency Index ( I = < 8 Math - •
6 CS

The " hard" case of SVD ( r < m)

A
~> ATA oi-r.io.

nxn
Vi = right sing . vec.

mxn→ AAT
mxm

Thm Let A be mxn

(1) Non - zero eigenvalues ATA and AAT are the same !
They are 0?

,

0}
,

-
-

-

,
of

(2) The left singular vectors of A is an orthonormal basis of eigenvectors AATU
-

Pf of 1 Let A = UEVT

AAT = ( USVT )(UEVTIT = UEVTVETUT =

Turns out
,
EST is [

'

2

oi
°

) diagonal !
◦

"

"

mxm

⇒ AAT __U([[ )U
"

is an orthogonal diagonal,-zation of AAT

⇒ eigenvals of AAT are

,
0,0 ,

- "

-

°



General process for SVD r≤ minfm.nl
Let A be mxn

Slept Orthogonally diagonalize ATA

steps set up E and V

steps for 1 ≤ i. ≤ r
,

define ui=ÉiAvi_
slept find the remanding m - r lef singular vectors Urti

,

- - -

,
Um

(4. 1) find a basis for the eigen space
of AAT corresponding to I =D

i. e. parameterize Null (AAT )

(4. 2) Apply G. 5. P to the basis found in 4.1

(4. 3) ↑ these are
the last m - r left singular vectors U=( ↳ " - Frfr " - " Ym ]

tfnmua UÉAtT

Low Rank Approximation
Let A be mxn

,
1- = UEVT

Uk {
⇐ Yet

itI ≤ k≤ rank (A) =r A
*

E- us - " fuk)% " :{. / [÷;-]
f- ✗ K - VK -m ✗ K

Kxn

Thm ( Eckart - Young )
The matrix Ak has rank K and it is the best approximation
of A by a rank K matrix?

,

0?
,

-
-

-

,
of

i. e. V-Bm.in with rank K
,

11A - 1-
⇐ I / ≤ 11A -1311

what could 111-11 mean ? I
• I / All = [ ai; for A=[ai ;] this theorum holds for

all notions of 111-11
• 11 All = Max 111-+11=0

,

i

Use Given a huge data matrix A w/ singular values
mxn

0
, ≥ 0, ≥

0
, ≥

. _ . ≥ Too . ≥ - - - ≥ or

Pseudo inverse
Let A be mxn w/ rank /A) = r .

Pick K = rank't )

A-- Ar -
- [4- " 411" : .tl it

A- =Ar=Ur[ RVI
At __VrEi'VE


